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ABSTRACT- Deep learning models often experience
significant performance degradation under domain shift,
where test data originates from a distribution different from
the training data. This paper introduces Spectral Geometric
Regularization (SGR), a novel framework designed to learn
domain-invariant representations by aligning the intrinsic
geometries of source and target domains. Unlike prior
methods that often rely on statistical moment matching, SGR
operates by minimizing the spectral discrepancy between the
eigenvalues of the graph Laplacians constructed from feature
manifolds. Grounded in the theory of the Laplace-Beltrami
operator, the proposed spectral loss function encourages
isometry—a fundamental geometric equivalence—between
domains. We provide theoretical guarantees for our
framework, establishing the differentiability of the spectral
loss and deriving a probabilistic bound on the target error that
directly links spectral alignment to improved generalization.
As an architecture-agnostic regularizer, SGR presents a
principled and theoretically sound alternative to existing
domain adaptation paradigms

KEYWORDS- Domain Adaptation, Spectral Geometry,
Regularization, Representation Learning, Laplace-Beltrami
Operator, Generalization Theory

I. INTRODUCTION

The standard machine learning assumption of independent
and identically distributed (i.i.d.) data often does not hold in
practical applications, leading to the challenge of domain
shift or covariate shift [1], [10]. This mismatch between the
training (source) and deployment (target) data distributions
presents a significant hurdle, as models demonstrating strong
performance on the source domain may not maintain this
performance on the target domain. Numerous approaches
seek to learn domain-invariant features by minimizing
statistical divergences between domain representations, such
as the H-divergence d_s¢([1_S, [1_T) [8] or Maximum Mean
Discrepancy (MMD) [3].

While these methods can be effective, they often focus on
aligning lower-order moments of the feature distributions,
which may not capture more complex, non-linear geometric
invariants. A deeper approach involves examining the
intrinsic geometry of the data manifold [5], [11]. In spectral
geometry, the spectrum of the Laplace-Beltrami operator

provides a complete isometry-invariant characterization of a
Riemannian manifold's shape [12]. Therefore, two manifolds
with identical spectra are isometric, meaning they share the
same geometric properties.

This work presents Spectral Geometric Regularization
(SGR), a novel loss function that directly minimizes the
spectral discrepancy between the feature manifolds of source
and target domains, encouraging a powerful form of
geometric invariance. The key contributions include: (i) the
formal derivation of the SGR loss, based on principles from
spectral graph theory [12] and differential geometry; (ii) a
theoretical analysis confirming its differentiability [7] and its
ability to promote isometric invariance; and (iii) a new
generalization bound based on the proposed spectral
divergence, formally linking its minimization to improved
target performance within the probably approximately
correct (PAC) framework [8], [9].

Il. BACKGROUND AND RELATED WORK

A. Domain Adaptation Theory

The theoretical foundation for domain adaptation frequently
builds on the concept of H-divergence, which measures the
difference between two distributions based on the error of a
hypothesis class &#[8]. A core result bounds the target error
¢ T(h) by the source error & S(h), the H-divergence
d #A0_S, [1_T), and the error A* of an ideal joint
hypothesis. This idea—that reducing a divergence between
feature distributions improves target performance—has been
extended to multi-source settings [13] and robust algorithms.
Practical implementations include adversarial methods [2],
[14] and discrepancy-based techniques [3], [15], [16].

B. Spectral Geometry of Data

The graph Laplacian operator L = D - W and its eigenvalues
are fundamental for understanding data structure [17], [12].
The convergence of the graph Laplacian to the intrinsic
Laplace-Beltrami operator A_.# on the data manifold .«
connects discrete data analysis with continuous differential
geometry [18], [5], [19]. The spectrum of A_.# is a global
invariant that encodes key geometric and topological
properties of the manifold and remains unchanged under
isometric deformations [12]. This insight implies that
aligning the spectra of manifolds aligns their intrinsic shapes,
which is highly relevant for representation learning [20],
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[21].

C. Domain Adaptation Theory

Empirical methods for achieving domain invariance often
use adversarial training [2], [22], [14] or explicit statistical
alignment with metrics like Maximum Mean Discrepancy
(MMD) [3], [15] or Optimal Transport [4], [23]. While these
techniques align feature distributions within the embedding
space, they typically operate on the feature space directly
rather than on its underlying geometric structure. In contrast,
SGR provides a more geometrically fundamental approach
by concentrating on the core isometric properties of the
feature manifold itself.

I11. SPECTRAL GEOMETRIC
REGULARIZATION

A. Mathematical Setup

A graph 7 is constructed from a feature set Z (source or
target) where nodes represent feature vectors. The edge
weight W_{ij} between nodes i and j is defined by a
Gaussian kernel, approximating the local geometry of the
underlying manifold [18], [5]:

|2i — =]
Wi =exp (—T

Here, ¢ is a bandwidth parameter. The unnormalized graph
Laplacian is L = D - W, with D as the diagonal degree matrix

where
Dis =Y Wy
F

As the sample size increases and o approaches zero, the
graph Laplacian L converges to the Laplace-Beltrami
operator A_.# on the manifold .# [18], [19]:

Apqu = —div(Vu)

This convergence supports using the graph Laplacian's
eigenvalues A_k as discrete approximations of the spectrum
of A_ M.

Continuous Domain

Smooth Data Manifold .#

Underlying Structure

l Discrete Domain

Point Cloud Data
{X1, X2, ..., Xa}

Weighted Graph
W_ij =exp-| [x_d-»x_jlI*/

Laplace-Beltrami
Operator A_.+#

Convergence

(n—=,0—=0)

Graph Laplacian Matrix
L=D-W

Figure 1: A schematic showing the convergence of the graph Laplacian (right) built from a point cloud to the
continuous Laplace-Beltrami operator (left) on the underlying data manifold [18], [5], [19]

B. The Spectral Loss Function

Source Spectrum: The set of the first kk eigenvalues of the
normalized Laplacian matrix derived from the source domain
latent graph

AT = (AL AL, ... A

Target Spectrum: The set of the first kk eigenvalues of the

normalized Laplacian matrix derived from the target domain
latent graph
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t
A=A )

denote the k smallest eigenvalues of the source and target
graph Laplacians, L_s and L_t. Under common conditions
(distinct eigenvalues), these eigenvalues are differentiable
with respect to the entries of L [7], [24]. The Spectral
Geometric Regularization (SGR) loss is defined using a
kernel-based distance between these spectra. The Maximum
Mean Discrepancy (MMD) with a characteristic kernel like
the Radial Basis Function (RBF) is suitable as it provides a
valid metric on the space of distributions [3]:

Spectral Graph Regularization Loss: The Maximum Mean
Discrepancy (MMD) between the spectral distributions of
the source and target graph representations.

k ¥ 2

£ B0 - 1 D600

i=1 i=1

Loer(2°, 2Y) = MMD?*(X", Af) = ‘

H

This loss function aligns the eigenspectra of latent graphs
from different domains, ensuring the model learns domain-

invariant structural features[3].

RBF Kernel Computation: For a Gaussian Radial Basis
Function (RBF) kernel the squared MMD is computed as:

k & k
1 . - F
Lsr = 13 STROLA) + DT RO 23 k(AL X))

ij=1 =1 ig=1

This formulation provides a tractable way to compute the
distance between two distributions in a high-dimensional
feature space without explicit mapping.

C. Full Training Objective

The SGR loss is incorporated as a regularizer into the
standard domain adaptation objective. The total loss is:

Ltotal = Lask (Jo(X), Y*) + v - Lscr (fo(X7), fo(XT))

where & task is the supervised loss (e.g., cross-entropy) on
the labeled source data (X_s, Y_s), and y is a hyperparameter
balancing the spectral regularization. The parameters 0 are
optimized to minimize % total via gradient descent.
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Figure 2: A flowchart of the proposed SGR framework. Input data (X_s, Y_s) and X_t are passed through a feature extractor
f 0. The features Z_s and Z_t are used to compute graph Laplacians L_s and L_t, whose eigenvalues are computed. The
SGR loss & SGR is calculated from these eigenvalues and combined with the task loss to update 6
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IV. THEORETICAL ANALYSIS

A. Theorem 1 (Differentiability)

The spectral loss #Z SGR is differentiable almost
everywhere with respect to the input features Z [7], [24].

Proof Sketch. The eigenvalues of a real symmetric matrix are
analytic functions of its entries where they are distinct. The
graph Laplacian L depends on Z through the differentiable
kernel W _{ij}(Z). The MMD calculation with a
differentiable kernel (e.g., RBF) is also differentiable.
Therefore, by the chain rule, the gradient V_0 £ SGR exists
for backpropagation training, except in cases with repeated
eigenvalues.

B. Theorem 2 (Spectral Invariance)

The spectrum of the Laplace-Beltrami operator is invariant
to isometric transformations of the manifold [12]. Thus,
minimizing % SGR encourages isometry between the
feature manifolds .# s and 4 t.

Proof Sketch. This is a well-known result in spectral
geometry.

Yo M s— Mt

An isometry is a diffeomorphism that preserves the metric
tensor g. Because the Laplace-Beltrami operator A g is
defined intrinsically by the metric g, it commutes with
isometries. Consequently, A .# s and A Mt are
isospectral, sharing the same eigenvalues. Given the
convergence of the graph Laplacian [18], [19], minimizing
the distance between the spectra of L_s and L _t fosters this
isometric relationship.

C. Theorem 3 (Generalization Bound)

Let € S(h) and ¢ T(h) denote the expected error of a
hypothesis h on the source and target domains. For a
hypothesis class #with VC dimension d, the target error for
any h € & is bounded with probability at least 1-3 by [8],

[9]:

1
ET{h‘] < ES'{h‘Il + id.SGR.(Ma:Mt] + C{‘H?asnasﬂtj

e7(h): Target error of hypothesis h

£5(h): source error of hypothesis h

d_SGR(M_s, M_t): Spectral domain divergence

C(H. &, n_s, n_t): Model complexity term

Here, d_SGR is the spectral divergence defined by £ SGR,
and C is a complexity term that depends on the VC
dimension d, the confidence parameter o, and the sample
sizesn_sand n_t.

Proof Sketch. This bound extends the H-divergence theory
[8]. The proof involves: (i) showing that the spectral
divergence d_SGR upper-bounds a distance between the
marginal feature distributions [1_S~Z and [1_T”*Z when the
kernel is characteristic [3], and (ii) applying a variant of the
classical domain adaptation bound that uses this distance in
place of the H-divergence. This reasoning supports using
d_SGR as areliable measure of domain shift.

V. DISCUSSION

Spectral Geometric Regularization offers a geometrically
intuitive and theoretically robust framework for domain
adaptation. Unlike methods that align raw feature
distributions [2], [3], [4], SGR operates on the intrinsic
geometry of the feature manifold [5], [20], pursuing a deeper,
isometric invariance that preserves all geometric properties.

A practical consideration is the computational cost of
eigendecomposition, which scales as O(n?) for a batch of size
n. While this can be a consideration, recent advances in
scalable spectral methods [17], [24], [25], including
approximate eigendecomposition via iterative algorithms
(e.g., Lanczos) or neural estimators, can mitigate this cost for
large batches, improving the feasibility of SGR for real-
world applications.

The proposed framework is versatile and can be integrated
into any deep learning architecture—such as Convolutional
Neural Networks, Graph Neural Networks [17], [25], or
Transformers—to enhance their robustness to domain shift.
Future work may explore the joint alignment of eigenvectors,
which define harmonic maps between manifolds, alongside
eigenvalues [6], [26], and could investigate applications of
SGR in other areas of geometric deep learning [20].

VI. CONCLUSION

This paper has proposed a novel Spectral Geometric
Regularization framework for learning domain-invariant
representations. The approach leverages the spectral
properties of the graph Laplacian [12] to align the intrinsic
geometries of source and target feature manifolds, fostering
a powerful isometric invariance. Theoretical analysis verifies
the differentiability of the proposed spectral loss [7] and
establishes a formal connection between its minimization
and improved generalization on the target domain [8], [9].
By integrating spectral graph theory, differential geometry,
and statistical learning theory, this work opens a new,
principled pathway for research in domain adaptation and
representation learning.
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