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ABSTRACT- The ABC Conjecture is one of the most
beautiful conjectures in number theory; it reveals a very
strong link between the additive and multiplicative
characteristics of integers. The conjecture holds (with few
exceptions) that if three positive numbers a, b and c are a
coprime and a + b = c, then the c is not significantly larger
than the Multiplication of distinctive prime factors of abc
(written rad (abc)). It presents an integrated review of the
concept, some theoretical consequences, important examples
of the concept; and potential uses in computational number
theory, cryptography, and elsewhere.
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I. INTRODUCTION

The ABC Conjecture, which was independently developed
by Joseph Oesterlé and David Masser in the 1980’s [1], is a
crucial point along both sides of additive and multiplicative
number theory. It is defined by the growth of ¢ when the
prime factor of three integers ab,c, where a+b =c,
determine that growth. Even though it seems to be just a
simple conjecture, it has far-reaching consequences,
shedding light on the formulation of classical questions such
as Fermat’s Last Theorem, and determining the latest
methods on the study of Diophantine equations. The
formulation of ABC Conjecture is studied in this paper, the
theoretical consequences of it investigated, well known
approaches to prove it are analyzed and examples in which
the Conjecture is crucial are presented. We then explore
applications to this domain which are still in the pipeline and
problems still unresolved in this research stream.

I1. DEFINITIONS

A. Coprime Integers

We say a set of integers a, b and c is co-prime (or pairwise
co-prime) if GCD (a, b) = GCD (a, ¢) = GCD (b, ¢) = 1. That
is, GCD(a,b) = GCD(a,c) = GCD(b,c) =1

This condition ensures that no prime factor is shared among
any two of a, b, and c.

B. The Equationa + b = c:

The ABC Conjecture deals to three positive numbers a, b,
and c that satisfy the equationa + b = ¢

Here, the sum c is uniquely determined by a and b.

C. Radical of an Integer (rad(n))

The radical value of n is defined as the Multiplication of the
unique prime factors of n. Formally, if

n= pf‘lpg‘z ...pl‘:k
where p;,p,, ..., P, are distinct prime numbers and
a,, &y, ..., @ are their respective exponents, then the radical
value of n is given by: rad(n) = p; X py X -* X py,
For example, for n = 18 = 2 x 32, we have rad(18) =
2X3=6.

D. ABC -Triple

An ABC-triple refers to a collection of positive coprime
integers (a, b, ¢) satisfying a + b = c. These triples form the
central object of study in the ABC Conjecture.

E. Quality of an ABC-Triple

Although not part of the formal statement of the ABC
Conjecture, the quality g of an ABC-triple is often defined
as:
_ log c
1= log rad(abc)

which measures how "exceptional” the triple is. A quality
q greater than 1 indicates that c is unusually large relative to
the multiplication of its the radical of n prime factors.

I11. STATEMENT OF THE HYPOTHESIS

The ABC Conjecture asserts that for every real number € >
0, there exists a constant K such that for all ABC-triples
(i.e., all triples of positive, pairwise coprime integers a, b,
and c satisfying a + b = ¢ ), the following inequality holds:

c <K, -rad(abc)'*c

In this inequality, rad(abc) is the product of the distinct
primes dividing the product abc. The conjecture implies that,
except for a sparse set of exceptional cases, the sum ¢ cannot
be excessively large when compared to the radical raised to
a power slightly greater than 1. This deep relationship
bridges the additive and multiplicative structures of the
integers involved.[1]
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IV. THEORETICAL IMPLICATIONS OF
THE ABC CONJECTURE

A. Impact on Diophantine Equation

Diophantine equation are types of polynomial equations for
which only integer solutions has been considered. They
range from simple linear equations (e.g., +by = c ) to more
complex forms, such as the Pythagorean equation x2 + y?2 =
z? and various exponential equations.

The ABC Conjecture offers efficient limits on the solutions
of Diophantine equations, therefore affecting their behavior.
Specifically, by linking the sum c to the product rad (abc),
the conjecture implies that if the product of the prime factors
(the multiplicative aspect) is small, then the sum (the additive
aspect) is constrained from growing arbitrarily large. This
leads to:

e Effective Bounds: Many equations can be shown to have
explicit, computable upper bounds for their solutions.

e Finiteness Results: The finiteness of solutions in various
settings (as seen in Siegel's Theorem) is reinforced by the
constraints imposed by the conjecture.

e Computational Advantages: Knowing that solutions lie
within certain bounds aids algorithms in searching for all
possible solutions to given Diophantine equations.[2]

B. Connections to Fermat's Last Theorem

Fermat's Last Theorem (FLT) asserts that the equation
x™ + yn =z

lacks non-trivial solutions in positive integers for any integer
exponent n greater than 2. [3] While Wiles' proof utilizes
sophisticated techniques from modular forms and elliptic
curves, the ABC Conjecture presents a different perspective.
The conjecture suggests that for each ABC-triple, the value
of c is strictly determined by the multiplication of the
distinctive primes that divide abc. Applying in FLT:

e Restrictive Growth: The conjecture would force any
potential solution for x™ + y™ = z" to adhere to strict
bounds, making the existence of non-trivial solutions
highly unlikely.

e Specific Reasons: It provides specific reasons as to
why solutions don't exist (gap), it shows that in addition
to the sum (c), its elements (additive part) can't grow
faster than the product (multiplicative part of the
elements).

This then gives further understanding of the validity of
FLT, and therefore the relationship proposed by the ABC
Conjecture.

C. Broader Number-Theoretic Impact

By implication, the ABC Conjecture has tremendous
consequences for Diophantine equations and Fermat’s Last
Theorem, and extends to many areas of number theory.

e Transcendental Number Theory and Diophantine
Approximation: The conjecture has an impact upon
how mathematicians can grasp the approximation of
algebraic numbers by rational numbers. There is a
connection to finding such as Roth's Theorem, and its
effective limits are interwoven with Baker's theory of
linear forms in logarithms.

e Elliptic Curves and Modular Forms: The
conjecture turns out to be an elliptic curve problem in
the deep heart of current number theory. With the
ABC framework, the rational and integral point
allocations on elliptic curves are improved as well as
supplemented by conjectures such as Birch and
Swinnerton-Dyer. Since these shapes are modular,
they are related to the formulation of these
linkages.[4]

e [Effective Finiteness Results: The explicit limitations
resulting from applying the ABC Conjecture
strengthen classical theorems, Consider Siegel's
theorem on the limitation of integral points on curves
of minimum one degree. The interaction between the
additive and multiplicative properties of integers is
the main point of importance in this unification.

V. APPROACHES TO PROVING THE ABC
CONJECTURE

A. Mochizuki’s Inter-Universal Teichmdller Theory

Summary:

Inter-Universal Teichmiller (IUT) Theory by Shinichi
Mochizuki is a fresh and rather indescribably abstract a proof
of the ABC Conjecture via which he builds. This means a
very large departure from conventional ways of doing
arithmetic geometry, using new category and geometric
ideas.

Fundamental Concepts and Elements:

e Anabelian Geometry: IUT theory introduces an
anabelian geometric concept based on which IUT
theory is defined, namely an anabelian geometry —
aiming in what extent one can learn about a geometric
object from its fundamental group. These principles are
extended further to an even more accommodating
categorical framework by Mochizuki.

e Frobenioids: A great advance in IUT is that of these
Frobenioids. The categorical encoding of arithmetic
qualities is obtained via generalizing these objects
which abstract the characteristics of schemes in a
manner that behaves like Frobenius morphisms.

e Hodge Theaters and Log-Splitting:

There is a discussion of Hodge theaters and log splitting
that ties the algebraic and analytic dimensions of
arithmetic geometry together in the theory. Such an
usefulness of these instruments resides in their ability
to convert arithmetic invariants into a different
language.The ABC Conjecture: A  Profound
Connection Between Prime Factors and Integer
Relationships.

e Inter-Universe Correspondence:

The “Inter-Universal” aspect of IUT refers to
Mochizuki’s method of establishing correspondences
between different arithmetic “universes.” This
mechanism is designed to transfer information about
heights and other invariants, ultimately leading to a
demonstration that the size of ccc is bounded as
prescribed by the ABC Conjecture.[5]
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B. Alternative Approaches
Other avenues of research include:

e Baker’s Theory: Using bounds derived from linear
forms in logarithms to restrict the size of potential
solutions.

e Modular Techniques: Leveraging the deep
relationship between modular forms and Galois
representations.

e Lattice Reduction: Employing algorithms such as the
LLL algorithm to reduce the search space for potential
counterexamples or verifying instances.

Each of these approaches has added layers of understanding,
yet a universally accepted proof remains elusive.

VI. EXAMPLES ILLUSTRATING THE ABC
CONJECTURE

Concrete examples help illustrate the nuances of the ABC
Conjecture.

Example 1: A Basic ABC-Hit
Considera=1,b=8,c=9

Since 1 + 8 = 9, the condition is met Compute:
abc=1x8x9=72

The prime factors of 72 are 2 and 3, so: rad(72) = 2 x
3=6

. . . . log ¢
Define the quality g of an abc-triple as: g = Tog rad(abe)
Thus: ¢ =292 ~ 227 . 1226

log 6 1.792

Since g > 1, this triple is termed an "abc-hit," representing
a case where ¢ is unusually large relative to rad(abc).

Example 2: A High-Quality Triple
Consider a more sophisticated example:

a=2,b=39¢c=310+2

Here, we have: a = 2,b = 59049, ¢ = 59051
Calculating the product: abc = 2 x 59049 x 59051

The radical rad (abc) is computed from the distinct prime
factors:

e 2 contributes from a,

e 59049 = 30 contributes the prime 3.

e 59051 introduces at least one additional prime factor
(its exact factorization can be determined
computationally).

Assuming the additional factor is p, then:

rad(abc) =2X3Xp

. . . logc
The quality of this triple, g = Tog rad(@be)
Tends to be significantly larger than 1, marking it as one of
the highest quality abc-triples known. Such examples are

rare and exemplify the delicate balance between the sum ¢

and the product of primes.

Example 3: A Basic ABC-Hit
Consider the ABC-triple (a, b, ¢) = (12,24,72).

Step 1: Sum and Product
Thesumis:a+ b =12 + 24 =36

The productis: a X b X ¢ = 12 X 24 X 72 = 20736

Step 2: Prime decomposition

The Prime decomposition of a = 12 is 12 = 22 x 3.
The prime decomposition of b = 24 is 24 = 23 x 3.
The prime decomposition of ¢ = 72 is 72 = 23 x 32,
Step 3: Calculate Radical of the Product

The radical of the product is the product of the distinct
prime factors:

The distinct primes involved are 2 and 3.
Therefore, rad(abc) = 2 X 3 = 6.

Step 4: Calculate Quality

The quality g of the ABC-triple is given by:
c

"~ rad(abc)tte

For simplicity, let's assume € is very small, say € = 0.0001.
So, the radical raised to 1 + € becomes approximately:
rad(abc)”c — 61.0001 ~ 6

Now, calculate the quality : g = 76—2 =12

q

Since g > 1, this is a relatively high-quality ABC-triple,
indicating that ¢ (the sum) is much larger relative to the
product of the distinct prime factors.

EXAMPLE 4: A High-Quality ABC Triple
Consider the ABC-triple (a, b, ¢) = (59051,3,177153).
Step 1: Sum and Product

Thesumis: a + b = 59051 + 3 = 59054

The product is:
aXxXbxc=59051x3x 177153 = 31292381507

Step 2: The prime decomposition
The prime decomposition of a = 59051 is:

59051 =711 x 17 x 47

The prime decomposition of b =3 is: 3 =3
The prime decomposition of ¢ = 177153 is:
177153 =32 x 7 x 11

Step 3: Calculate Radical of the Product

The radical of the product is the multiplication of the
distinctive prime factors:

The distinct primes involved are 2,3,7,11,17,47.

Therefore, rad(abc) =2 X3 X7 x 11X 17 X 47 =2 X
3xX7x11x17 x 47 =39702.

Step 4: Calculate Quality
The quality g of the ABC-triple is given by:
Cc
1= rad(abc)t+¢
Again, assume € = 0.0001, so the radical raised to 1 + € is
approximately:
rad(abc)1*c = 3970210001 ~ 39702
Now, calculate the quality g.

177153

= 39702 ~

q
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Since g > 1, this is another high-quality ABC-triple,
indicating that ¢ (the sum) is larger relative to the
multiplication of the distinctive prime factors. But it is less
extreme than in Example 5.3.[6]

VIl. APPLICATIONS AND REAL-WORLD
IMPLICATIONS

A. Cryptography

The deep connections between additive and multiplicative
structures of integers have practical applications:

e Public-Key Cryptography: Many cryptographic
systems, including RSA, depend on the hardness of
problems related to prime factorization.

o Elliptic Curve Cryptography (ECC): The security of
ECC relies on the characteristics of elliptic curves
(which are affected by number-theoretic phenomena),
insights from the ABC Conjecture could lead to more
robust cryptographic protocols.[5]

B. Computational Number Theory

Effective bounds suggested by the conjecture can:
e Optimize algorithms for primality testing and integer
factorization.
o Refine techniques in Diophantine approximation by
providing exact bounds on the magnitude of solutions.

C. Mathematical Modelling

Systems sometimes simplify to discrete problems or demand
integer answers in disciplines such mathematical physics and
financial modeling. Insights from ABC Conjecture lead to
improvements in these models and so guaranteeing better
forecasts and analysis.

VIIl. FUTURE DIRECTIONS AND OPEN
QUESTIONS

Notwithstanding a lot of progress, lots of inquiries remain.

e Proof Validation: The community is still working to
verify Mochizuki's IUT theory or develop an alternative
universally accepted proof.

e Optimization of Bounds: Determining the optimal
constants K, for various e values remains open.

e Generalizations: Extending the conjecture to other
number fields or multidimensional settings is a
promising area for future research.

e Computational Advances: The role of modern
computational techniques in testing and applying the
conjecture continues to be an exciting frontier.

IX. CONCLUSION

The ABC Conjecture unifies many of the almost
incomprehensible relations between the additive and
multiplicative properties of integers. Classically the
problems introduced by Li are closely connected to Fermat's
last theorem and the finiteness of solutions to Diophantine
equations, and more broadly are related to cryptography and
computational methods. There is no proof of this conjecture,
but ongoing work on it produces new in sight, and it is
proving to be one of the key things of today mathematics.
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